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We analyse the geometrical structure of supersymmetric solutions of type II 
supergravity of the form R 1,9_n x M n with non-trivial NS flux and dilaton. 
Solutions of this type arise naturally as the near-horizon limits of wrapped 
Q_i! NS fivebrane geometries. We concentrate on the case d = 7, preserving 

two or four supersymmetries, corresponding to branes wrapped on asso- 
ciative or SLAG three-cycles. Given the existence of Killing spinors, we 
^ ■ show that M 7 admits a GVstructure or an S"?7(3)-structure, respectively, 

of specific type. We also prove the converse result. We use the existence of 
these geometric structures as a new technique to derive some known and 
new explicit solutions, as well as a simple theorem implying that we have 
vanishing NS three-form and constant dilaton whenever M7 is compact 
with no boundary. The analysis extends simply to other type II examples 
and also to type I supergravity. 



ABSTRACT 



1 E-mail: j.p.gauntlett@qmul.ac.uk 

2 E-mail: d.martelli@qmul.ac.uk 

3 E-mail: s.pakis@qmul.ac.uk 

4 E-mail: d.j.waldram@qmul.ac.uk 



1 Introduction 



Solutions of type II supergravity corresponding to NS fivebranes wrapping super- 
symmetric cycles provide an interesting arena for studying the holographic duals of 
super symmetric Yang-Mills (SYM) theory fflj. Solutions, in the "near-horizon limit", 



have now been found for a number of different cases 0— [ID|. In each case the final 
geometry is of the form M 1 ' 5- ^ x M 4+ ^, where d is the dimension of the cycle on which 
the fivebrane is wrapped, and the NS three-form H and the dilaton are non-trivial. 

In Q various aspects of the geometry of such supersymmetric solutions was elu- 
cidated. The key input is the existence of Killing spinors describing the preserved 
supersymmetries. In type II supergravity, the vanishing of the supersymmetry vari- 
ation of the gravitino implies that any Killing spinor is parallel with respect to one 
of two connections V ± with totally anti-symmetric torsion ±|7Z ■ This implies that 
M4 + d admits certain geometric structures and the vanishing of the variation of the di- 
latino imposes additional conditions on the structures. It was shown in H , following 



1 1|, that the resulting structures give rise to generalised calibrations [12 



Here we would like to continue the investigations of J7|, again assuming only the 
existence of particular sets of Killing spinors. Thus while motivated by considering 
solutions for wrapped NS five-branes, the results apply generally to supersymmetric 
backgrounds with non-trivial NS-flux H and dilaton. For definiteness we will focus 
on seven-dimensional geometries Mr, though it is clear that the analysis generalises 
to all cases discussed in 0. Two distinct types of geometry arise. The first is when 
the Killing spinors are all parallel with respect to the same connection, say V + . 



Geometrical structures of this type have been discussed in |L3|, [L4|, [15], [Tj| [L7|, [18fl as 
well as [0. The second, new, type is when there are some Killing spinors parallel 
with respect to V + and some with respect to V~. 

For our particular example, seven-dimensional geometries arise when fivebranes 
wrap associative three-cycles or SLAG three-cycles . The geometries are distinguished 
by the fact that the former is of the first type with a single Killing spinor parallel with 
respect to V + . The latter case, on the other hand, is of the second type, preserving 
twice as much supersymmetry, with two Killing spinors e^, parallel with respect 
to V ± respectively. For the generic case with a single Killing spinor, the seven- 
dimensional geometry admits a GVstTiicture of a specific type, to be reviewed below. 
On the other hand, the seven- dimensional geometries with two Killing spinors e ± 
admit two GVstructures, or more precisely an SU (3) structure, again of a specific type 
to be discussed. Note that because of the non-vanishing intrinsic torsion the 577(3)- 
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structure does not imply that the manifold is a direct product of a six-dimensional 
geometry with a one-dimensional geometry However, there is a product structure 
which does allow the metric to be put into a canonical form with a six-one split as 
we shall discuss. 

The geometrical structures defined by the preserved supersymmetries can equiva- 
lently be specified by tensor fields satisfying first-order differential equations. These 
give a set of necessary conditions imposed by preservation of supersymmetry and the 
equations of motion. We will show that for the particular cases of GV and SU(3)- 
structures mentioned above, these conditions are also sufficient. From the derivation, 
it is clear that should always be possible to find such a set of conditions. Note that, for 
the cases of single GV and Spm(7)-structures, this issue was also analysed in fl6|, |17| 
and [18| respectively, although these works did not consider the relationship between 
Killing spinors and the equations of motion, as we shall here. 

One of the motivations for this work was to see if these sufficient conditions just 
mentioned could provide a new method for constructing supersymmetric solutions 
describing wrapped fivebranes. This would provide an alternative to the "standard" 
two-step construction [|l^, [1] of first finding a solution of D = 7 gauged supergravity 
and then uplifting to D — 10. We shall show that some known solutions can be 
recovered in this way. In addition to providing a direct D = 10 check of the solu- 
tions, this makes their underlying geometry manifest. We will also use the method 
to construct a new solution that describes a fivebrane wrapping a non-compact asso- 
ciative three-cycle. It is a co-homogeneity one solution with principle orbits given by 
SU(3)/U(1) x U(l). 

Recall that the solution of |], [jj describing fivebranes wrapping SLAG three- 
cycles was argued to be dual to pure M = 2, D — 3 SYM. By analogy with U 
it seems likely that there are more general solutions that would be dual to Af = 2, 
D = 3 SYM with a Chern-Simons term. These seem difficult to find using gauged 
supergravity. Unfortunately they also seem to be difficult to obtain using the methods 
to be described here. In particular, to recover the known solution of ||, [7| one is first 
naturally led to partial differential equations, and it is somewhat miraculous that 
there is change of coordinates that leads one to the relatively simple solution obtained 
in H [7|] using the gauged supergravity approach. 

The type II supergravity solutions for wrapped branes that are dual to quantum 
field theories are non-compact. As somewhat of an aside we also prove a simple 
vanishing theorem for compact manifolds. In particular, we show that the expression 
for the three-form H in terms of the GVstructure allows one to prove that on a 
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compact manifold without boundary given dH = 0, the three-form must necessarily 
vanish and the dilaton $ is constant. There are analogous expressions for H in terms 
of generalised calibrations for other fivebrane geometries 0, and hence this result 
generalises easily 

The plan of the rest of the paper is as follows. We begin in section 2 with some 
general discussion of G-structures and G-invariant tensors using G<i as our exam- 
ple. In section 3 we review and extend what is known about the geometry with G2 
structure that arises when type II fivebranes wrap associative three-cycles. We also 
prove the vanishing theorem for compact manifolds. Section 4 discusses the geometry 
that arises when fivebranes wrap SLAG three-cycles. In this case there are two G2 
structures or equivalently an SU (3) structure. Section 5 uses the necessary and suffi- 
cient conditions for (^-structures admitting Killing spinors as a technique to rederive 
some known solutions as well as deriving a new solution that describes a fivebrane 
wrapping a non-compact associative three-cycle. In section 6 we use the analogous 
conditions for SU (3)-structures to derive BPS equations for solutions corresponding 
to fivebranes wrapped on SLAG three-cycles. We conclude in section 7 by discussing 
how the results would extend to fivebranes wrapping other supersymmetric cycles as 
discussed in and we also briefly comment on the extension to type I supergravity. 



2 G-structures 

In this section we review the notion of G-structure and G-invariant tensors on a 
Riemannian manifold M and the relation to intrinsic torsion and holonomy. Though 
the discussion is general, our examples will concentrate on the case relevant here of 
G2-structure on a seven-manifold. Further details can be found, for example, in 



and 21 



In general the existence of a G-structure on an n-dimensional Riemannian man- 
ifold means that the structure group of the frame bundle is not completely general 
but can be reduced toGcO(n). Thus, for G 2 -structures on a seven-manifold, the 
structure group reduces to G2 C 50(7) C 0(7). 

An alternative and sometimes more convenient way to define G-structures is via 
G-invariant tensors. A non-vanishing, globally defined tensor rj is G-invariant if it is 
invariant under G C 0(n) rotations of the orthonormal frame. Since rj is globally 
defined, by considering the set of frames for which 77 takes the same fixed form, one 
can see that the structure group of the frame bundle must then reduce to G (or a 
subgroup of G). Thus the existence of r] implies we have a G-structure. Typically, 
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the converse is also true. Recall that, relative to an orthonormal frame, tensors of a 
given type form the vector space, or module, for a given representation of 0(n). If 
the structure group of the frame bundle is reduced to G C 0(n), this module can 
be decomposed into irreducible modules of G. Typically there will be some type of 
tensor that will have a component in this decomposition which is invariant under G. 
The corresponding vector bundle of this component must be trivial, and thus will 
admit a globally defined non-vanishing section rj. 

To see how this works in the case of G 2 -structures, consider the three-form on R 7 
given by 

0o = dx 136 + dx 235 + dx 1A5 - dx 2m - dx 127 - dx 347 - dx 567 (2.1) 

where dx ljk = dx 1 Adx j Adx k and let g = dx\ + ... + dx 2 denote the standard Euclidean 
metric. The group G 2 can be defined as the subgroup of the 0(n) symmetries of 
g which leaves O invariant. A seven-dimensional manifold M 7 then admits a G 2 - 
structure if and only if there is a globally defined three-form on M 7 which is G 2 - 
invariant. That is, at each point on M 7 we can consistently identify the three-form 
with the standard G 2 -invariant three- form O . Note that given O we also have 
the metric g , an orientation dx 1 "' 7 and the Hodge-dual four-form *0 O . Thus given a 
G 2 -invariant on M 7 we actually also get an associated metric g and four-form *0 
on M 7 such that (0, *<f>, g) are identified under the map to M. 7 with (0 O , *0 o ,go)- 

It will be useful to give explicitly some of the tensor decompositions in the G 2 
case. For instance, for two-forms one finds 

A 2 = Ay © A 2 4 (2.2) 

where 

A 2 = {a e A 2 : *(0 A a) — -2a} = {i p <j> : (3 6 TM}, 
A 2 4 = {a E A 2 : *(0 A a) = a}. 

Recall that the space of two-forms A 2 is isomorphic to the Lie algebra or adjoint 
representation so(7). Thus this decomposition is just the decomposition of so(7) 
under G 2 , namely 21 — > 14 + 7, where 14 is the Lie algebra g 2 = A 2 4 of G 2 - There 
is, similarly, a decomposition of three-forms 

A 3 = A 3 ®A 3 ® A 3 7 (2.4) 

following 35 -> 1 + 7 + 27 under G 2 C SO(7). Note that elements of the singlet Af 
module are simply multiples of the G 2 -invariant three-form 0. 
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Riemannian manifolds with (^-structures have been classified some time ago by 
Fernandez and Gray p2 |. The idea is the same for any G-structure on a Riemannian 



manifold, as discussed for example in [21|. Given some G-invariant form r] defining 



a G-structure, the derivative of 77 with respect to the Levi-Civita connection, Vry, 
can be decomposed into G-modules. The different types of G-structures are then 
specified by which of these modules are present, if any. 

In more detail, one first uses the fact that there is no obstruction to finding some 
connection V' such that Vrj = 0. Choosing one, then V — V is a tensor which has 
values in A 1 ® A 2 . Since A 2 = so(n) = g®g L where g x is the orthogonal complement 
of the Lie algebra g in so(n), we conclude that Vr? = (V — V')?y can be identified with 
an element K of A 1 ® g^ ■ Futhermore, this element is a function only of the particular 
G-structure, independent of the choice of V. It is in one-to-one correspondence with 
what is known as the intrinsic torsion T . Explicitly, we have in components, acting 
on a g-form 

^ 1 mJ]n\...n q ^mn\ Vpn,2...n q ^mna Vnip...n q ' K-mnq^^]n\...n q —\pi (^-5) 

where for K mn p G A 1 ® g- 1 , the m and antisymmetric n,p indices label the one-form 
A 1 and two-form g C A 2 modules respectively. 

In the G2 case, from the decomposition ( |2.2| ), we see that g% — A 2 , while A 1 
is simply the 7 representation of G2. Thus specifying is equivalent to giving 
elements in the four G2-modules in the decomposition of K 

7x7^1 + 7 + 14 + 27 (2.6) 



Given the general relation (|2.5|) with r\ = (f>, we see that dcj) and d'cj) = — * d * 4> pick 
out different parts in this decomposition. For example, following (|2.2|) , the two- form 
contains the 7 + 14 pieces as follows 



= z e + ai 4 . (2.7) 

Here a 14 G A 2 4 and 9 corresponds to the 7, is called the Lee form and is given by 

30 = *(dVA*0), (2.8) 

or in components 9 a = — |0 a fecV e ebc . Similarly, the four- form d(j> can be decomposed 
into 1 + 7 + 27 pieces, and so contains all but the 14 in (|2.6|). Note, in particular, 
since it is derived from the same general expression ( |2.5| ) , the 7 in this decomposition 
must be proportional to the Lee form defined in the decomposition of d'tfi. 
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It is clear from the above discussion that V° = V + K canonically defines a 
connection for which = 0. It is the unique connection with torsion given by 
the intrinsic torsion To. Since the holonomy of this connection, and any connection 
V for which V'r/ = 0, must stabilise r] we conclude that its holonomy, Hol(V°), 
must be contained within G. On the other hand demanding that specific types of 
connection have holonomy in G, in general restricts the G-structure. For example, 
for the Levi-Civita connection to have Hol(V) C G we require that all the elements 
in the decomposition of K vanish so that Vrj = 0. The G-structure is then said to 
be "torsion-free". 

This is probably the most familiar case of G^-structure. With torsion-free struc- 
ture, so V0 = 0, (M7,(ft,g) is said to be a "G2 manifold". It means that the Levi- 
Civita connection V has holonomy contained in G 2 and g is a Ricci-flat metric. Given 
the preceding discussion it is clear that the condition V0 = is equivalent to requiring 

d<f> = d*(p = (2.9) 

since all the relevant GViriodules in V0 = appear either in dip or d*(f). This 
equivalence has been exploited in |23| to provide a method for finding G2 holonomy 
metrics for manifolds of co-homogeneity one. The strategy is the following. Write 
down an ansatz for the associative three form in terms of several arbitrary functions 
of one radial variable. Find the associated metric and impose the conditions (|2.9|) 
to obtain a system of first-order differential equations for the arbitrary functions. 
Solving these one obtains a G2 holonomy metric. 

For type II supergravity solutions describing NS fivebranes wrapping supersym- 
metric three-cycles one finds seven manifolds with G2 structures of a different type |7]] 
since the connection with holonomy in G2 is not the Levi-Civita connection V. This 
is reviewed in the next section. We can derive an analogous pair of necessary and 



sufficient conditions to ( [2.9|) . We will then exploit these, generalising ||23|| , to find 
new solutions in a later section. 



3 ^-structure and NS fivebranes on associative 
three-cycles 

The action for the bosonic NS-NS fields of type IIA or type IIB supergravity is given 
by 

S = ^ J d w x^-ge-™ (r + 4(V$) 2 - , (3.1) 
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with H = dB. The corresponding equations of motion read 

Rp, - \H» P oHr + 2V /1 V i ,$ = 0, 

V 2 $ - 2(V$) 2 + ^H^H^p = 0, ( 3 ' 2 ) 

As shown in the IIB supergravity solution describing fivebranes wrapped on 
an associative three-cycle in a manifold of GVholonomy is of the form M 1,2 x M-j 
where M 7 admits a single Spin(7) spinor satisfying 

V+6 = (v m + l -H mnpl n ^j 6 = 0, 

H mnrl mnr e = -12a„$ 7 n e, 

where V + is a connection with totally antisymmetric torsion Here the Spin(7) 
Dirac matrices 7" 1 are imaginary, antisymmetric and satisfy 

{7m,7n} = 25 mn (3.4) 

with 7 1 • • • 7 7 = —i. 

From the existence of a single solution to the first equation in (3.3) it immediately 
follows that we have a (^-structure on M7 and the Hol(V + ) — G%. To see this, we 
first define a three form <j) in terms of the Killing spinor by: 

(3.5) 

where we have normalized the spinors to satisfy e T e = 1. This (-^-structure then 
satisfies 

V + = O (3.6) 

and hence Hol(V + ) C G2. Using the second equation in ( |3.3| ) we find that the 
G 2 -structure also satisfies 

- *e 2 *d(e~ 2 *0) = H 
d(e- 2 **<j)) = 

d<pA<p = (3.7) 

That is, for a solution to the equations of motion to preserve supersymmetry, M 7 must 
admit a G2 structure which satisfies the conditions ( |3.7D with H closed. This form 
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of the conditions J7j naturally displays the connections with generalised calibrations 
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A converse result has also been proved in [L7]. Let us summarise the idea 
behind it before extending it. One assumes the existence of a G/2-structure satisfying 
the last two equations in ( |3.7| ). Recalling the definition of the Lee-form introduced 
in ( |2.7| ) it is easy to see that ci(e -2 * * 0) = is equivalent to the statement that (i) 
the Lee form is given by 9 = — 2<i$ and (ii) that a\4 vanishes. It was shown in [JHJ 
that the second condition is the necessary and sufficient condition for the existence 
of a unique connection V + = V + \H, with totally anti-symmetric torsion ^H, that 
preserves the three form <fi and admits parallel spinors. The idea behind this is rather 
simple. First recall from fl2.4Q that H, which is in the 35 of 5*0(7), decomposes under 
G*2 a s 35 — > 1 + 7 + 27. On the other hand as we discussed in section 2, the different 
types of G*2 structure correspond to the modules given in the decomposition ( |2.6|) of 
K. It is thus clear that totally anti-symmetric torsion is associated with vanishing ai4 



in K. Moreover, it was shown in JT7[ that the G2 singlet piece in H is proportional 
to *(d<j) A </>) and vanishes if and only if the supersymmetry variation of the dilatino 
vanishes. The point is that the Clifford action of the 27 piece of H on e vanishes. 



In other words it was proved in |T7j that a manifold with a G2 structure (M7, g, cf>) 
admits solutions to ( |3.3| ) with varying dilaton and non vanishing NS three form H 
providing that the G 2 structure satisfies: 

dcj) A 4> = 
* ((p A Sep) = -2dV 

9 = -2d$ (3.8) 

or equivalently 

dcj) A = 
d(e- 2 **<f)) = (3.9) 

The torsion of the unique connection with totally anti-symmetric torsion preserving 
the G2 structure is then given by H = — * e 2 ® d(e~ 2 ® cf)) . 

Note that supersymmetry alone is not sufficient to ensure that we have a solution 
to the type II field equations. We also need to impose at least the closure of H. In 
fact this is all we need as we now show using the integrability conditions of the Killing 
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spinor equations ( |3.3|) . As shown in the Appendix these imply that 



f? - - H H pq + 2V V $ ) VV 



(3.10) 



and 



V 2 $ - 2[V$] 2 + ^H mnp H mn ^ 



1 1 2$ 2$ 

. dHfyuipq"/ ^ € — c V (c H mn p\ 'y ^6 
4o 4 



(3.11) 



The assumptions on the G2 structure Q3.9| ) mean that the H equation of motion 
is automatically satisfied. We thus immediately conclude from (|3.11| ) that, if we 



also impose dH = 0, then the dilaton equation of motion is satisfied. The other 
equation ( |3.10|) is then of the form v4 m „7 n e = which implies A mn A mn = 0. On 



a Riemannian manifold we then deduce A mn = which is precisely the Einstein 
equations. 

In summary, we have shown that a solution of the equations of motion of the form 
K. ' 2 x M-j admits a single Killing spinor if and only if 

d(f) A = 0, 

d(e~ 2 * * 0) = 0, (3.12) 
dH = 0, 

where H = — * e 2 *c?(e _2 *0). This result is the analog of (|2.9|) for GVmanifolds and 
in principle provides a method for finding new supersymmetric solutions with non- 
zero H. One starts with an ansatz for 0, finds the associated metric and imposes 
these equations to obtain, in the case of a metric of co-homogeneity one, ordinary 
differential equations for the arbitrary metric functions. We give examples of this 
technique in section |5|. 

It is interesting to note that the expression for H implies a simple vanishing 
theoremQ on a compact manifold without boundary the only solutions to ( |3.12 ) have 



H = and $ constant, that is, M 7 is a G 2 -irianifold. To see this, we first note, given 
the expression for H 



e~ H A *H — — H A d(e~ (p) = 0, (3.13) 

M 7 JM 7 



*A different vanishing theorem was proved in 124] , which assumed vanishing dilaton. 
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where in the final equation we integrate by parts and use dH = 0. Since the first 
integrand is positive definite, we conclude that H = 0. Integrating the dilaton equa- 
tion of motion then implies by a similar argument that <i$ = so $ is constant. 
The conditions ( |3.12|) then reduce to dip = d*<p = which imply that M 7 is a G%- 
manifold. In J7[ we derived analogous expressions for H in terms of the generalised 
calibrations for other geometries in dimensions six and eight arising when fivebranes 
wrap calibrated cycles. Since only this expression and the $ equation of motion en- 
tered the above argument, clearly this theorem easily generalises. For all compact 
super symmetric manifolds M without boundary, the flux vanishes H = and $ is 
constant. 

4 SU (3)-structure and NS fivebranes on SLAG three- 
cycles 

It was shown in |7j that the type II supergravity solutions describing fivebranes wrap- 
ping SLAG three-cycles are also of the form K 1 ' 2 x M 7 where now M 7 admits a pair 
of Spiniy) spinors e^ 1 satisfying 

V±e ± = (V m ± l -H mnpl np ^j e ± = 0, 
H mnrl mnr e ± = T 129 n $7 n e ± , 

where V ± are two connections with anti-symmetric torsion ±f From the discussion 
of the previous section, it follows that the two spinors define two distinct G2- 
structures of the type characterised by the conditions ( P-12| ). The two connections V 1 * 1 
have holonomy contained in two different G2 subgroups of SO (7). The GVinvariant 
three forms are constructed from the Killing spinors 

M± = ie ±T ± 

where we have again chosen the normalization e ±T e ± = 1, as we can always do. 

The appearance of two G 2 -structures is again quite general, depending only on 
the requirement that there are two distinct solutions e + and e~. We can analyse this 
structure further, making only one further assumption, as in 0, that the the Killing 
spinors are orthogonal to each other i.e. e +T e~ = 0. We expect that this should 
cover the general class of supersymmetric solutions describing fivebranes wrapped on 
SLAG three-cycles. This is because we can deduce what projections we expect to 
be imposed on the preserved supersymmetries by considering the supersymmetries 



(4.2) 
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preserved by a fivebrane probe wrapped on a SLAG three-cycle, as described in 0. 
Note in particular, that this condition was satisfied for the specific supersymmetric 
supergravity solutions of [|, It is equivalent to the statement that the two G2 
structures satisfy 



n\rir 2 



0, (4.3) 



as can be shown by Fierz rearrangement. 

Apart from the two G2 three-forms we can also construct various other forms 
using the Killing spinors 

K n = ze +T 7„e", 

_ • +T 
Xmnr ^ Tmw^ • 

These are the basic objects in the sense that the two G2 structures can be constructed 
from K, u and % as follows 

4^ = ±i K *x~ K Au. (4.5) 

K,u,x satisfy a series of algebraic relations that follow from Fierz rearrangements. 
First, given the normalization of the Killing spinors, we find that: 

K K m = 1 

u mn u mn = 6, (4.6) 

XmnpX ^ 24, 

and also 

uj m uj r = —d m + K m K , 
IkX = 0, 

l^LO = 0, 
(i K * X)mnr = ^mXnrl = ^\mXnr\l- 

In addition, we can calculate the covariant derivatives of these forms using the 
first Killing spinor equation to get 

V7V" tt l\l 2 

V m ^ nin2 = ^H mhh *X ni n 2 hl2 , ( 4 - 8 ) 

3 1 ^ 



(4.7) 
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From the dilatino equations we then deduce the following relations for the exterior 
derivatives of the forms 

d(e-*K) = 0, 

d(e~*w) = 0, (4.9) 
e*d(e" $ x) = —H A K, 



as well as for the G 2 -structures as in (|3.7| ) 



e 2 *d(e- 2 V) = =F * H. (4.10) 



(4.11) 



It is also not difficult to show in addition that 

d(i K * x) A i K * X = 0, 
d{iK * X) A K A u = 0. 

4.1 577(3) structure 

Let us now discuss what the presence of these three invariant forms K, to and x 
implies about the type of a G-structure we have on M7. Recall that the existence 
of ± , or equivalently e ± , implied that there were two distinct G 2 -structures. Of 
course there can only be one actual structure group G of the frame bundle, so the 
implication is that G must be a common subgroup of these two distinct embeddings 
of G 2 in 5*0(7). The largest possible such group is SU(3). This is consistent with the 
existence of two Killing spinors since the 8 spinor of Spin(7) includes two singlets in 
its decomposition 1 + 1 + 3 + 3 under SU (3) . Thus we might expect that in fact there 
is actually an S'?7(3)-structure on M7. By considering each of the invariant forms K, 
lo and x m turn we will see that this is indeed the case. Each will further restrict the 
G-structure until we are left with 577(3). 

We start with K. Clearly, a fixed vector is left invariant by 50(6) C 50(7) 
rotations of the orthonormal frame. Thus we see that K defines an 50 (6)-structure. 
Equivalently we can introduce 

Tl m n = 2K m K n -8 m n (4.12) 

satisfying II 2 = 5, since K 2 = 1, and hence defining an almost product structure. It 
is metric compatible in the sense that TlgH T = g, or equivalently U mn = U m r g rn is 
symmetric. It is also integrable in that its Nijenhuis tensor defined by 

N mn r = Tl m k d [n Tl k] r - Tl n k d [rn Tl k] r (4.13) 
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vanishes using d(e K) = 0. This implies that we in fact have a product structure. 
It follows that we can find coordinates such that II is diagonal, or equivalently K = 
e®dx 7 . In these coordinates the seven-dimensional metric takes the form 

ds 2 7 = g ab dx a dx b + e 2 *dx 2 7 . (4.14) 

Note that the geometry is not a direct product since g a b and $ are allowed to depend 
on all the coordinates. The metrics of the solutions presented in [EL [7]] indeed have 
this form, as we shall show in section 6. 

Now consider u. The pair (K, u) define what is known as an almost contact metric 
structure (see for example |55fl). This means, in general, that the structure group of 
the frame bundle on a manifold M 2 k+i reduces from SO(2k + 1) to U(k), implying 
here that we have an £7(3)-structure. It is the analog of an almost hermitian structure 
for odd-dimensional manifolds. A manifold M 2 k+i is said to have an almost contact 
metric structure if it admits a (1,1) tensor u m n and a one-form K satisfying the 
first equation of (|4.7f) , and furthermore u is metric compatible so that ujguj T = g, or 
equivalently uo mn = u m r g rn is a two form. Note that this implies ixw = 0. Essentially, 
the existence of K allows one to consistently decompose the tangent space into 2k- 
dimensional piece and a one-dimensional piece. The two-form u then defines an 
almost hermitian structure on the 2 dimensional piece, so that the corresponding 
complexified tangent space splits into the sum of a fc-dimensional complex space and 
its complex conjugate. Thus, in general, we have the decomposition TM 2 k+i <E> C = 
yi,o ^ rpO,l (rp K £y There is an integrability condition similar to that of an 
almost hermitian structure and if it is integrable the almost contact metric structure 
is called normal. In the geometries we are interested in the structure is not integrable 
in general. 

It is interesting to note that restricting to the six-dimensional part of the met- 
ric ( 4.14|) by setting x-j constant we obtain a conventional almost hermitian structure. 



However this is again not integrable and the six-dimensional manifold is not a com- 
plex manifold. This is perhaps surprising since such solutions describe fivebranes 
wrapped on SLAG three cycles in Calabi-Yau manifolds and hence one might naively 
have expected that the six-dimensional part of the geometry is complex. 

Finally we come to \. We first note that we can define a complex three-form 

•& = X-KiK*x)- ( 4 -!5) 

We see that $ is normal to K, and also, from the third equation of ( |4.7| ), that it is a 
(3, 0)-form with respect to the almost contact structure (K, uj). In other words it is a 
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section of A 3 T 1,0 . In this sense it is the analog of the holomorphic three- form on the 
original Calabi-Yau manifold. In fact, in an exactly analogous way, it is easy to see 
that the subgroup of U(3) which preserves $ is SU(3). Thus we conclude that we do 
indeed have an 5'f/(3)-structure on M-j. 

Since d(e~®K) = d{e~®uo) = it follows that 

* H = e 2 *d(e- 2 *Imtf) (4.16) 

which shows that $ is a generalized calibration. This mirrors the fact that for a 
Calabi-Yau 3-fold the imaginary part of the holomorphic three-form calibrates SLAG 
three-cycles. 



4.2 The necessary and sufficient conditions 

We have shown that given two spinors e ± satisfying Q4.1Q , with e +T e~ = 0, M 7 
necessarily has an S"?7(3)-structure given by (K,uo,x)- The structure is not general, 
but as in the case of GVstructure above is restricted. We have seen already that, for 
instance, the almost product structure defined by K is integrable, though the almost 
contact structure (K, u) is not. In general, we showed that we have the conditions 

dK = rf$ A K 
duo = d$ A to 

dxAK = d®A X AK (4.17) 
d(i K * x) A i K * X = 
d(ix *x)^KAlo = 



These are also sufficient conditions for the existence of a solution to ( |4.1D . To see 
this one needs to show that (f)^ defined by (f4.5| ) satisfy (4J), which follow from the 



algebraic properties of (K, oo,x) and also the each satisfy the conditions ( 3.12 ). The 



latter is straightforward to show using the fact that *(p = ±x A K — ^co A uo 



In other words, a spacetime of the form R 1 ' 2 x Mj admits two orthogonal Killing 
spinors satisfying (|4.1|) , if and olnly if we have an S'[/(3)-structure on Mf satisfying 
the above conditions ( f4.17|) . In addition, the antisymmetric torsion ±\H is given 
by ( 4.16|) . Furthermore, this gives a supersymmetric solution of type II supergravity 



if and only if we impose in addition the closure of H as before. 

Once again we can in principle use this result as a method for finding solutions. 
In section 6 we shall recover the solutions that were found in || [7| using gauged 
supergravity techniques. 
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5 Constructing solutions with a single Gi struc- 
ture 



In this section we will use the results of section 3 to construct examples of the ge- 
ometries with a single (^-structure that were described there. These correspond 
to fivebranes wrapping associative three-cycles. We focus on co-homogeneity one 
manifolds. 

We generalise the method presented in [gv|] . One first makes an ansatz for the G2 
structure <ft satisfying appropriate symmetries and then finds the associated metric 
from the expression: 

fjij ((let Sij) ^ §ij 

a — /A /A n 1 n2n 3 n4n 5 n e n 7 1234567 _ i (K 1} 

a ij ^^H J in 1 n2Yjn s n- i Yn 5 n 6 n 7 t , t i \°- L ) 



The three form <p must be stable in the sense of |31[ to ensure that it is generic enough 
to make the metric non-degenerate. We then impose equations (|3.9| ). If these are 
satisfied we have a solution to ( |3.3|) . One must then impose the closure of H to obtain 
a solution to the full supergravity theory. 

5.1 The example of j2|] 

Let us first demonstrate this method by recovering the example presented in |2|]. This 
is a co- homogeneity one example with principle orbits S 3 x S 3 . Our starting point 
is an ansatz for the three form that has appeared in constructions of G2 holonomy 



metrics in 26 , 27 



3 1 a 3 

cj) = ab dtA J^(S Q - -a a ) A a a + -^e abc a a Acr b A a c 

(2=1 

ab 2 . 1 . . 1 

- -y-tabcPa A (E 6 - -<7 b ) A (E c - -a c ) (5.2) 

where (E ffi , a a ) are left invariant one-forms on SU(2) x SU(2), satisfying da\ = —02 A 
CT3, dUi = — S2 A S3 plus cyclic permutations, and t is a radial variable. The two 
arbitrary functions a and b depend on the radial variable only. The associated metric 
is given by 

3 1 3 

ds 2 7 = dt 2 + b 2 ^(S a - -o a f + a 2 ( 5 - 3 ) 

a=l a=l 
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Introduce a frame 



dt 

6(S a - -<j a 
a a n . 



(5.4) 



4123123 



In this frame the three form <p and its dual are given by (with e 

= e * a e a A e a + ^e afcc e a Ae b Ae c — ^e abc e a Ae b Ae c 

111 

*0 = -^eafe c e* A e a A e b A e c + -e a6c e* A e a A e b A e c + -e a A e a A e b A e b 

and it is straightforward to calculate: 



(5.5) 



d * 



-{(log a)' - ^Kbc e* A e a A e A e c — -{(log£> : 

{(loga6)' - ^ - e* A e a A e a A e b A e b 
2b 8cr 



1.2 w 



1, 

r f^abc 




e* A e a A e b A e c 



(5.6) 



d(2$) 



(logaV)'-^- — 



(5.7) 



First note that d(f)A(f) = is automatically satisfied. Also we have c?*0 = d(2$)A*<; 
with: 

I _b_ 

b~4^ 2 

So all the conditions (|3.8|) are satisfied and we have a solution to the Killing spinor 
equations ( |3.3| ). Note that the two functions a, b are still arbitrary. This is because 
we started with a very special ansatz which guaranteed from the beginning that all 
the conditions were satisfied. However we still need to impose the closure of H. This 
will give us second order equations in principle but as we shall see, in this case they 
are trivially integrated once. The torsion H is constructed from ( |3.7| ) and we find 
that: 



H 



^e abc F e a A e b A e c + ^e abc G e a A e b A e c 



(5.8) 



where 



{(log&V 



-IV 



2a 2 



G 



{-(loga)' + — } 



Imposing dH = we get the equations 

F' + F(\ogb 3 )' = 

G' + G(\ogba 2 )' = 
i 

= 



Gl-F± 



2b 



(5.9) 

(5.10) 
(5.11) 
(5.12) 
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The first two are trivially integrated to give Fb 3 = C\ and Gba 2 = C 2 while the third 
implies that C\ = 4C 2 = — Using the definitions of F and G we thus arrive at a 
system of first order equations for the metric functions a, b: 

a' = ±(l + £) (5.14) 

These equations are precisely those derived at the end of section 3.1.1 of @. 
For the special case \x = the torsion and the dilaton vanish and the equations 
can be integrated to recover the G2 holonomy metric on the spin bundle of S 3 |28| . 



The solution with b 2 = fi, a 2 = ^/Jir was found in using gauged supergravity 
methods. It corresponds to fivebranes wrapped on the associative three-sphere of the 



G 2 -holonomy manifolds of [2^|, in the near horizon limit. The general solution of 
these equations remains an outstanding problem. 

One can extend this analysis in a relatively straightforward way to recover the 
solution first presented in M, but the formulae are rather lengthy so we shall not 
present the details here. 

5.2 New Solution 

Another example is to start with a cohomogeneity one manifold with principal orbits 
SU (3) /Z7(l) X £7(1) . Such G 2 structures have appeared in , [^j , and solutions have 
been found for a G2 metric on the M 3 bundle over CP 2 112 81. Here we use the results 



of [B{| to find and solve the BPS equations for solutions that describe fivebranes 
wrapped on the M 3 fibres, which are non-compact associative three cycles, in such G2 
manifolds. 

Let {e a } be the left invariant one forms on SU(3). We define 

Ux = ei2, uj 2 = e 34 , uj 3 = e 56 (5.15) 
and also a basis for the SU(3) invariant three forms: 

a = e 24 6 - e 2 35 - ei45 - ei36, (3 = e 135 - e im - e 23 6 - e 2 45 ( 5.16) 

where eyi = eie 2 etc, and the exterior product of forms is understood. It then follows 
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that these satisfy 



dio\ = duo 2 = du 3 = -at 

da = 

dp = — 2(ui A uj 2 + uj 2 A uj 3 + oj 3 A lji) 

d(uiAuj) = 0, (5.17) 

The G 2 structure and it's associated metric are given by: 

= (AV + fluo 2 + flujz) Adt + /i/ 2 / 3 (cos0 a + sin# /?) (5.18) 

ds 2 7 = dt 2 + f* 9l + f 2 g 2 + f 2 g 3 (5.19) 
where fa, 9 are arbitrary functions of t and 

gi = e\ + e 2 ., g 2 = el + e 2 , g 3 = e 2 + e\ (5.20) 

We find that 

*4> = flfl^2 Aw 3 + flfWi A + /?/|wi Aw 2 + /i/ 2 / 3 (cos /? - sin a) A t(6.21) 
and hence 

rf0 = (^(/l 2 + / 2 2 + / 3 2 )-(/l/2/3COS^)«Arft 

- (frhfcsmdypAdt 

- 2/1/2/3 sin 0(o;i A u 2 + u 2 A u 3 + u 3 A oj x ) (5.22) 

= ((/ 2 2 / 3 2 )'- 2/1/2/3 cos 6)u 2 A u 3 A dt 
+ {(fift)' - 2f 1 f 2 f 3 coB6)u> 3 Au 1 Adt 
+ ((A 2 /!)'- 2/1/2/3 cos A^Arft (5.23) 

Let us first consider the equation d * <fi = d(2<3>) A *0. This gives: 

$' = log(/,A)'- A cos ^ * ^ J ^ (5-24) 
which defines the dilaton and also imposes: 

/ fc log// + cos^ = / fc log/; + cos^, i^j^k (5.25) 

J j Ji 
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which is two independent equations. Next we impose (*</>, dcf)) = and we conclude 
that: 



e' 



sin 9 



/ a 2 + /l + /I 



(5.26) 



/1/2/3 

Having satisfied these conditions we need to impose the closure of H. We find that 
the torsion is given by: 



# = 2/1/2/3 sin 



f2 £2 f2 

J 3 i •'1 , J2 IaJj- 

7272^3 + 7272^1 + 7272^2 I A 
ili2 i2i3 J1J3 



2$7i/2/a sin0 -(/1/2/3 sin 0)' 



a 



(5.27) 



(/1/2/3 cos 0)' - 2$7i/ 2 / 3 cos - -0? + / 2 2 + f z ) 
For if to be closed we thus need to impose the following: 

(/1/2/3COS0)' - 2<&7 1 / 2 / 3 cos0 - + /| + fl) = 







[2$7i/ 2 / 3 sin 9 - (/!/ 2 / 3 sin 0)']' + A/ 2 / 3 sin 9{ 



fl 



./': 



JL 

£2 f2 ^ f2f2~*~ f2 f2 ■ 
J1J2 J2J3 J1J3 



(5.2* 



(5.29) 



Now ( |5.29| ) is a second order equation and also we have five equations for four 
unknown functions. However the second order equation follows from the four first 
order equations so there is no inconsistency. To see this we first rearrange equations 
(|5T25|),(|5^),(^), and write them as: 



(log/0' 
9' 



1 if • /f • /f „ ft 



2 cos e hhh 



— cos 9 



/1/2/3 



1,2,3 



— sin 9 



fl + fi + fi 



/1/2/3 

Then we note that we can write ( ^).29| ) as : 

^(tanfl(/ 2 + /| + fl)) 1 + f 1 f 2 f 3 sm9( 



(5.30) 



fl 

f 2 f 2 1 f 2 f 2 1 f 2 f 2 

./1./2 ^2^3 J\J3 



f 2 f 2 

i3 1 Jl J2 
1 /.o #>o I 



(5.31) 



This is satisfied given ( |5.30|) . So indeed we have arrived at a system of BPS equations 
for the four unknown functions. 

To solve the BPS equations we first define a new radial variable by dt = /lAArfA. 
In terms of this the equations become: 



d 

dX 



(log/,) 

d9_ 
dX 



i 

-sin^/ 2 



(5.32) 
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Define Ui = f 2 tan 9 then using the above we find: 

d{uj l ) = 2 cos 2 g 

dX sin 9 

d9 



d\ 



— cos^^^Mj (5.33) 



Now define another radial variable by dp = (2 cos 2 9/ sin9)dX. Now in terms of this 
we can solve for it, and then for sin#. We find that: 

1 



Ui = 

p — Oii 

sinfl = (Mq(p, ai ))~ 1/2 (5.34) 

where q(p,azi) = YliiP ~~ a^.The on and M are four arbitrary integration constants. 
By rescaling the radial coordinate we find that the solution takes the form: 



dp 2 Jq-M 2 



ds 2 = ; ,J +y 

A^q - M 2 ^ 

M 2 

e 2 * = e 2 *°(l- — 



9i 



H 



In the limit M — » the torsion vanishes, the dilaton tends to a constant and we 



recover the metric of |30|. This is a G2 holonomy metric with a conical singularity for 
generic values of the ctj but is regular when two of these constants are equal. In this 
case one obtains the Gi holonomy metric on the M. 3 bundle over CP 2 f2jj. For non- 
zero M the torsion is non-vanishing and in the large p limit the solution approaches 
the one in [ 3~C ] . In the interior we see that the radial variable is constrained by p > po 



where p is the solution of q — M 2 = 0. Note that we always have p > a %- At p = p 
the metric is singular for all values of c^. 

When M = the G2 holonomy manifolds do not have any compact associative 
three-cycles on which to wrap a fivebrane, but they do have non-compact associative 
three-cycles. In the example of the G 2 -holonomy metric on the M 3 bundle over CP 2 
there is a co- associative CP 2 bolt, and the R 3 fibres are non-compact and associative. 
It is thus natural to interpret the solutions with M 7^ as describing fivebranes 
wrapping such a non-compact associative three-cycle, in the near horizon limit. 

Finally, we point out that it should be very straightforward to generalise the 
solutions in this section to co-homogeneity one solutions where the principle orbits 
are CP 3 . These include the G2 holonomy metric on the M 3 bundle over S 4 . 
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6 Recovering the solution of [@, |7j 

In this section we will use a similar procedure to recover the solutions of |], |7j . In so 
doing we will explicitly demonstrate the SU(3) structure of these solutions. 
We first introduce frame one forms as in |7[: 

v 1 = d9 

v 2 = sin Odcj) 

ci a? 1 ■ 

b = cos m sin m — 

y 2 y 2 

a 3 „ / . . a 1 a 2 



5 2 = sm9- cos 9 I sin (A hcos0— 

2 V 2 2 

3 / i CT^ \ 

5 3 =—cos9— — sin^ I sin0— + cos0— j (6.1) 



where 9, <fi are angles on a two-sphere and a a are the usual left invariant one forms 

dS l =2S 2 AS 3 + u 2 AS 3 + AAS 2 



on SU{2) satisfying da a = ^e abc a b A a c . These satisfy the exterior algebra: 



dS 2 =2S 3 AS 1 -u 1 AS 3 -A AS 1 

dS 3 = 2S 1 A S 2 + u l A S 2 - v 2 A S 1 

du 1 = 

du 2 = —A A v 1 (6.2) 



where A = cos 9dd>. We introduce a frame: 



e r = a(r, Xf)dr 

e a =b(r,x 7 )S a 

e a =c(r,x 7 )(u a + S a ) 

e 3 =b(r, x 7 )S 3 

e 7 = e^dx-j (6.3) 
where a = 1,2, and make an ansatz for the SU(3) invariant forms: 
K = e 7 

co = e r A e 3 + e 1 A e 2 — e 2 A e 1 

x =e r A (-e 1 A e 2 + e 1 A e 2 ) — e 3 A (e 1 A e 1 + e 2 A e 2 ) 
i K * x = e r A (e 1 A e 1 + e 2 A e 2 ) — e 3 A (e 1 A e 2 — e 1 A e 2 ) (6.4) 
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corresponding to the metric: 

ds * = a 2 dr 2 + b 2 dQ 2 + c 2 ^ (z/ a + ^2 + ^^2 (gg) 

a=l,2 

where the orientation is taken to be e r311227 — — 1. 
The following identities are useful: 

da = ~dp = S 3 A 7 

d 7 = 2S 3 A/3 (6.6) 

where 

a — S 1 A S 2 

(3 = S 1 Av 2 -S 2 Av 1 + v 1 Av 2 

7 = S 1 A v 1 + S 2 A v 2 (6.7) 

Using these we can write 

u =abdrAS 3 + bc dS 3 (6.8) 

cb 2 

x = a (c 2 - b 2 )dr A a + ac 2 dr A (3 + —dp (6.9) 

be 2 

i K * x = abc dr A 7 + b(c 2 -b 2 )S 3 Aa + — cfy (6.10) 

Imposing the necessary and sufficient conditions discussed in section 4.2 we find 
the following equations must be imposed: 

d X7 (e-*ab) = 

9 X7 (e-*6c) = 

d r {e~®bc) = e~®ab 

d r b = ^ (6.11) 
b 

and that the torsion is given by 

H = Fi da + F 2 dr A a + F 3 dr A P + F A dx 7 Aa + F b dx 7 A p (6.12) 

where 

F 1 = -b 2 ce-*d X7 \og(abc e~ 2 *) 

F 2 = -ae~"{b 2 d X7 log(&cV 2 *) - c 2 d XT M&V 2 *)) 

F 3 =ac 2 e-*^ 7 log(6 3 e- 2 *) 

b 2 r 2 lb 2 2r 3 

F 4 = e*(-d r log(6cV 2 *) - -d r log(&V 2 *) - — + %■) 
a a c b 2 

r 2 2r 3 
F 5 =e *(--9 r log(6 3 e- 2 *) + — ) (6.13) 
a cr 
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Now imposing closure of H we find that 



d r F 1 + 2F 3 -F 2 = 

d X7 F 1 + 2F 5 -F 4 = 

d X7 F 2 -d r F 4 = 

d X7 F 3 -d r F 5 = (6.14) 



Using the first order equations ( |6 . 1 1| ) we find that the above equations reduce to the 
single second order equation 

abe~*d 2 X7 b + d r {ce*) = (6.15) 

Now (|6.11|) imply that abe~^ = h(r) and by choosing the radial coordinate ap- 
propriately we can set h = 1. Then the rest of the equations determine the dilaton 
and a, c in terms of b via: 

a 2 = -d r b 
r 

2 2 2 

c = a r 



ab (6.16) 



where b satisfies the second order non-linear pde: 

^b 3 + 3^6 = (6.17) 
We recover the solution of J?J by making a change of variables to (z, tp) such that : 

r = \fzB(z) simp 

x 7 = A(z) cos^p (6.18) 

where A(z) and B(z) satisfy 

A\z) = B(z) 

B\z) = A(z)-?& (6.19) 



so that 



z l/4 

A{z) = -^(I-y^z) + (i K 1/A (z)) 

B(z) = ^(I 3/4 ( z ) - ^ K 3/i (z)) (6.20) 
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Here fi is an integration constant. The solution is then just 



b 2 = z (6.21) 

Thus we have explicitly demonstrated the SU(3) structure of the solution found in 
§0- 

It seems a formidable challenge to find the general solution of ( |6.17| ). Let us just 



note that it easy to construct solutions which do not depend on x-j. We then have 

b= (A!r + A 2 ) 1/3 (6.22) 

These solutions might be interpreted as solutions corresponding to wrapped NS five- 
branes that are smeared over the x 7 direction. Note in particular, that the torsion is 
non vanishing for any choice of the constants Ai, A2 so that we do not recover the pure 
geometry CY3 x S 1 , where CY3 is the deformed conifold, as one might have expected. 
The reason for this is simply that a more general ansatz for the SU(3) structure 
is required. Enlarging our ansatz would also allow one in principle to obtain more 
general wrapped NS fivebrane solutions as well, but we expect that the pdes will be 
intractable without further insight. 



7 Discussion 

We have analysed supersymmetric type II geometries of the form M 1,5_d x M^ +4 with 
non-trivial NS three-form flux and dilaton, motivated by the fact that the near- 
horizon limits of wrapped NS fivebranes geometries are of this type. In particular, we 
considered the examples of seven-dimensional manifolds arising from branes wrapped 
on associative or SLAG three-cycles. These geometries admit a G2 or an SU(3) 
structure, respectively, of a specific type that we determined. We also proved a 
converse result, namely that given such a geometric structure then one obtains a 
supersymmetric solution to the equations of motion. We used the converse result 
as a method to construct solutions. Note that for both cases the group G in the 
G-structure is exactly the same as that of the underlying special holonomy group of 
the manifold containing the supersymmetric cycle on which fivebrane is wrapped. 

It is straightforward to extend the results for these specific examples to the ge- 
ometries arising when type II NS5-branes wrap other supersymmetric cycles. In |7]] 
we analysed the holonomy of the connections V 1 * 1 that would arise in each case, and 
a summary appeared in table 1 of that reference. In n dimensions, in the cases where 
just one of the connections V 1 * 1 has special holonomy G C SO(n), the geometry is 
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specified by a G-structure of a type that can be easily specified, by following the dis- 
cussion of section 2 (for related work see |L3|, [14], [15], [L8|])- In the cases where both V 1 * 1 
have special holonomy contained in G' C SO(d) say, we find that the manifolds admit 
a G C G'-structure. For both cases, one finds that the group G of the G-structure 
that appears in the final geometry is exactly the same as the special holonomy group 
of the manifold, just as for the examples explicitly discussed in this paper. 

For example, D = 6 geometries can arise when NS fivebranes wrap Kahler two- 
cycles in Calabi-Yau three-folds or two-folds. In the former case one of the connections 
V 1 * 1 has special holonomy SU(3) while the other has general holonomy 5*0(6). The 
resulting geometry has an S'L r (3)-structure which was discussed in |L3|, [14], |15| . Exam- 
ples of this geometry were presented in [|J. On the other hand when NS-fivebranes 
wrap two-cycles in a Calabi-Yau two-fold we find that both connections V 1 * 1 have 
S , f/(3)-holonomy In this case the structure group of the six-manifold is in fact SU (2). 
This structure includes a product structure which allows one to choose co-ordinates 
with a four- two split to the metric, but it is not a direct product. Examples of this 
kind of geometry were presented in [|, [|. 

Finally, it is also worth mentioning that much of the discussion applies to type 
I supergravity. The action and supersymmetry transformations are recorded in the 
Appendix. For this case there is only a single connection with totally anti-symmetric 
torsion V + and so supersymmetry will just give rise to a single G-structure. Consider 
for example the D = 7 case. Since the variation of the dilatino and gravitino for the 
type I theory are the same as for e + we deduce that the G2 structure is exactly the 
same as that discussed in section 3. In addition we need to ensure the vanishing of 
the supersymmetry variation of the gaugino 

Fmnl^t = (7.1) 



This implies, following [3!| that F must satisfy the G2 instanton equation F v 



\* ( t>rnn Pq Fpq ie. the two-form F is in the 14 in the decomposition (2.2). This is the 



type of geometry dictated by supersymmetry that would arise when type I fivebranes 
wrap associative three-cycles and also SLAG three-cycles. To obtain a solution to the 
equations of motion for type I supergravity we have to solve dH = 2a' Tr FAF. Using 
the integrability conditions given in the appendix it is clear that these conditions 
are also sufficient to obtain a supersymmetric solution to the equations of motion, 
by generalising the argument in section 2. As yet there are no known solutions of 
this kind with non-vanishing F. Such solutions would have the geometry naturally 



expected for type I or heterotic "gauge" fivebranes [33] wrapping associative three- 
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cycles. For the case of type I fivebranes wrapping SLAG three-cycles the interesting 
possibility arises that there will in fact be an £77(3) structure, despite the fact that 
it is not dictated by supersymmetry alone. 

It is interesting to note that the type II solutions give rise to type I solutions with 
F — 0. These correspond to type I or heterotic "neutral" fivebranes [Q wrapping 



associative three-cycles. The type II solutions corresponding to fivebranes wrapping 
SLAG three-cycles thus give rise to type I solutions describing type I fivebranes 
wrapping SLAG three-cycles that have an SU(3) structure. This is some evidence 
that this will also occur for wrapped gauge-fivebranes. 

In type I or heterotic string theory anomaly cancellation implies that the Bianchi 
identity is modified by higher order corrections in a'. To leading order this is most 
informatively written as dH = 2a' Tr[F A F - R(n~) A R(Q~)] where Q~ = u - H/2 
|p4|| . This should be viewed as implicitly defining H. One can ask whether one can 
solve this for wrapped branes by identifying A with Q~ as this would be the analogue 
of "symmetric fivebranes" |33| . For supersymmetric fivebranes wrapping associative 
three cycles, only Q + = uj + H/2 has holonomy contained in G2 and hence iden- 
tiying A with Q~ would not be supersymmetric. Interestingly, for supersymmetric 
fivebranes wrapping SLAG three-cycles both Q ± have holonomy contained in G2 and 
hence one can obtain supersymmetric solutions for these cases. More explicitly, the 
solution constructed in |7j automatically gives a solution of the heterotic or type I 
string theory with non- vanishing gauge-fields if we simply identify A = Q~ . This 
argument equally applies to the solutions found in ||, || corresponding to fivebranes 
wrapping two-cycles in Calabi-Yau two-folds. For the type II theory these are holo- 
graphically dual to a slice of the Coulomb branch of pure M = 2 super- Yang-Mills 
theory [[|. The corresponding type I solution has half the supersymmetry and so 
should holographically encode information about the Af = 1 gauge theories arising 
on type I or heterotic fivebranes wrapping two-cycles in Calabi-Yau two-folds. It 
would be interesting to study this further. 
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8 Appendix 



We will derive the integrability conditions in the context of type I SUGRA. The 
bosonic fields are the same as the NS sector of the type II supergravity supplemented 
by a gauge field in the adjoint of some gauge group, with field strength F. For gauge 
group SO '(32) or E 8 x E s this is part of the low-energy effective action of type I or 
heterotic string theory. The action is given by: 

\- J d w x^e- 2 * (R + 4(V$) 2 --^H 2 -a'TrF 2 



with 



dH = 2a'TrFAF (8.2) 



The equations of motion are given by 

RfMu ~ -H wu Hr + 2V M V,$ - 2a' Tr F/F vp = 

V 2 $ - 2(V$) 2 + —H^H^p + ^ Tr F lll/ F fJ,v = 

V^e-^H^P) = 
2e 2 *D^e- 2 *F, u ) - F^H pau = (8.3) 

Supersymmetric configurations have vanishing variation of the gravitino, dilatino 
and gaugino: 

<% ~ V„e+^ p r^e = 
5X ~ Vd^e + ^H^T^e = 

5 X ~ F flu T^e = (8.4) 

where e is a Majorana-Weyl spinor of Spin(l,9). Note that the first two conditions 
are half of the conditions arising in the type II theories. We now deduce some 
consequences of the integrability conditions of these equations. 

First, take the covariant derivative of the variation of the gravitino and antisym- 
metrise, to get 

iW 2 r CTiCT2 e = -v^tf^r^e - ^/Vi^r 2e ( 8 - 5 ) 

Next multiply this expression by T u and use a Bianchi identity to obtain an expression 
for R^Ve. Then use E. ilvp Y vp times the dilatino variation, the covariant derivative 
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of the dilatino as well as F pv T v times the variation of the gaugino to get 

(iV - jE^Rr + 2V M V,$ - 2a' Tr F/F up )T v e = 

^(dH - 2a' Tr F A F) pppa Y^e + ^V p {e~^ H pllu V v )e (8.6) 

Similar manipulations on r M V M acting on the variation of the dilatino implies 

1 a' 
( V 2 $ - 2(V$) 2 + -H^H^o + -F^F^)e = 

~^(dH- 2a' F A F) pvpa Y^t - -e™ ^[eT^H^Y^e (8.7) 
4o 4 

while T^V^ acting on the variation of the gaugino yields 

(2e 2 *V^(e- 2 *F^) - FP°H pav )T v e = ZDF^T^e (8.8) 

We next note that if the Bianchi identities for H and F satisfied as well as the 
H equation of motion then we deduce the dilaton equation of motion. The equation 
( J8.8[ ) is of the form A^T^e = which implies A^A^ = 0. Similarly ( |S.6| ) is of the form 
B pjV T v = which implies B pjU B flu = 0. If we assume that we have a solution of the 
form IR 1 ' 9 "™ x M n then we can deduce that A m = B mn = which give the gauge and 
Einstein equations of motion. In other words the Killing spinor equations, combined 
with the Bianchi identities for H and F, plus the H equations of motion imply all 
equations of motion are satisfied. 
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